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ABSTRACT

This work focuses on the setting of dy-
namic regret in the context of online
learning with full information. In par-
ticular, we analyze regret bounds with
respect to the temporal variability of the
loss functions. By assuming that the se-
quence of loss functions does not vary
much with time, we show that it is pos-
sible to incur improved regret bounds
compared to existing results. The key
to our approach is to use the loss func-
tion (and not its gradient) during the op-
timization process. Building on recent
advances in the analysis of Implicit al-
gorithms, we propose an adaptation of
the Implicit version of Online Mirror
Descent to the dynamic setting. Our
proposed algorithm is adaptive not only
to the temporal variability of the loss
functions, but also to the path length of
the sequence of comparators when an
upper bound is known. Furthermore,
our analysis reveals that our results are
tight and cannot be improved without
further assumptions. Next, we show
how our algorithm can be applied to the
setting of learning with expert advice
or to settings with composite loss func-
tions. Finally, when an upper bound to
the path-length is not fixed beforehand
we show how to combine a greedy strat-
egy with existing strongly-adaptive al-
gorithms to compete optimally against
different sequences of comparators si-
multaneously.
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1 Introduction

Online learning is a powerful tool in modeling many prac-
tical scenarios. Furthermore, in recent years it has led to
advancements in various areas of machine learning in gen-
eral, both practically and theoretically. Formally, given a
convex set V C R%, a time horizon T and a sequence of
cost functions ¢1, . . . , ¢, in the online learning setting the
goal is to design algorithms such that for any comparator
model u € V the regret is minimized,

Re(u) £ (@) =) li(u),
t=1 =1

where x; is the output of the algorithm at time ¢. In par-
ticular, the objective is to have algorithms whose regret
can be provably upper bounded by a quantity which grows
sublinearly in T'.

While the static regret is a well-studied objective and
many algorithms have a sublinear regret upper bound,
sometimes competing with the best comparator is not
meaningful. Indeed, there are situations where the envi-
ronment is not stationary. In this case, rather than com-
paring the performance of an algorithm against a single
fixed model, it is preferable to compete against a “mov-
ing” target, i.e., a sequence of different comparators. In
this work, we focus on online learning in the dynamic set-
ting, considering the full-information feedback, where in
every round the loss function is revealed.

To model dynamic environments, stronger notions of re-
gret are used. In particular, we consider the general dy-
namic regret [Zinkevich, 2003, [Hall and Willett, 2013]]

against the sequence u;.7 = (U1, ..., ur) as
T T
Rp(uvr) £ 4(x) =Y b(uw). (1)
t=1 t=1

It can be shown that it is impossible to achieve sublin-
ear dynamic regret in the worst-case. However, if one



puts some restrictions on the sequence uj.7 and makes
some regularities assumptions, then Eq. (1)) can be sublin-
ear in 7T'. There are various measures which can be used to
model the regularity of the environment. A natural mea-
sure of non-stationarity introduced in|Zinkevich| [2003]] is
the path-lengt of the sequence w;.7, which we denote
by
T
Cr(urr) £ lue — |-

t=2

2

Another measure of non-stationarity is given by the tem-
poral variability of the loss functions [Besbes et al.,
2015]. Formally, let /1.7 be the shorthand for
(f1,...,0r), the temporal variability of a sequence ¢1.7
is defined as

T
Vr(l.r) £ Zfileafj [le(z) — b1 ()] - 3)
=2

In the remaining we will use the shorthands C'r for
Cr(uy.r) and Vr for Vr(¢1.7) when the context is clear.
A particular case of dynamic regret is the so-called re-
stricted setting [Besbes et al. 2015, Jadbabaie et al.,
2015| [Yang et al. 2016]. In this setting, the sequence
of comparators is given by the local minimizers of the
loss functions, i.e., ui.p := (uf,...,uk), where uj =
argming o, £ ().

Most recent developments in online learning have been
driven by the use of two paradigms: Online Mirror De-
scent (OMD) and Follow The Regularized Leader (FTRL)
(see the surveys|Shalev-Shwartz|[2012], Orabonal [2019]).
Both of them usually achieve the same regret bounds
thanks to the linearization trick: given the convexity of
the loss functions one can exploit the fact that ¢;(x;) —
li(u) < (g4, &t — u), where g, € 9¢;(x;) is a subgradi-
ent of the loss function. One can therefore shift her goal
to minimize this new objective over time. On the other
hand, we choose to not use subgradients in the optimiza-
tion process but the loss function directly. We will show
that this is the key factor in order to obtain dynamic regret
bounds depending on the temporal variability Vr.

Contributions.
marized below:

The main results of this paper are sum-

* In Section @ we show that there exists a sim-
ple strategy which achieves an upper bound of
O(Vr) on the dynamic regret. We also provide a
lower bound which shows that this regret bound
is tight. Next, we show when this strategy fails
and why we need different algorithms.

* In Section [5] using recent advances in the anal-
ysis of implicit updates in online learning we
design an algorithm which is adaptive to both
Cr and Vp. Using an adaptation of OMD

'One could also consider other versions of path-length, such
as its squared version [Yang et al.| [2016].
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to the implicit case, we will provide an algo-
rithm which incurs a dynamic regret bound of
O(Vr,/T(1+ 7)), for all sequence of com-
parators whose path-length C'r- is upper bounded
by 7.

* Finally, when the complexity of the class of com-
parators is not fixed in advance in terms of path-
length (i.e., an upper bound Cr < 7 is not
fixed beforehand), in Section E] we show how
to combine the strategy from Section 4] with an
existing algorithm and get the optimal bound
of O(min{Vr,/T(1+ C’T(ulzT))} for any
possible sequence w1.7.

2 Related work

In this section, we are going to review the two lines of
work most related to ours: algorithms designed for non-
stationary environments and implicit updates in online
learning. We recap existing results and highlight both
similarities and differences compared to our results.

Path-length. The notion of dynamic regret was first
introduced in the seminal work of Zinkevich| [2003],
which proved that Online Gradient Descent incurs a re-
gret bound of O(VT(1 + Cr)). This result was later
extended by Hall and Willett [2013]] who considered a
modified (and possibly richer) definition of path-length. A
lower bound of Q(1/T'(1 + CT)in terms of path-length
is shown in [Zhang et al.|[2018a, Theorem 2], who also
provide an algorithm which matches it.

Temporal Variability. Besbes et al| [2015] provided
an analysis of restarted gradient descent in the setting
of stochastic optimization with noisy gradients which in-
curs O(T?/3(Vy}. + 1)1/3), where V... is an upper bound
on Vr known in advance. [Jadbabaie et al.|[2015] gave
an algorithm achieving a restricted dynamic regret of

O(\/@ + min(y/(Gr + 1)Cr, (Gr + 1)T)1/3(VT +
1)2/3)), where Gy = 3, [V fi(@:) — p|? and
Pp1,--.,Pr is a predictable sequence computable at the
start of round ¢. Importantly, this bound is obtained
without prior knowledge of Gp, Cpr and Vp but un-
der the assumption that all of them can be observ-
able. If one limits the algorithm to not use pre-
dictable sequences, then the bound reduces to (5(\/7 +
min{\/T(1+ C7), T*3(Vr + 1)?/3)}. 1In Section
we design an algorithm similar in spirit to the one from
Jadbabaie et al.| [2015], which incurs an improved regret

bound of min{\/T'(1 + Cr), Vr} when Cr is fixed in ad-
vance or can be observed.

Adaptive Regret. A parallel line of work on non-
stationary environments involves the study of the weakly

The O notation hides poly-logarithmic terms.
3To avoid clutter, w.1.0.g. we supress parameters other than
T and C'r in the asymptotic notation.



and strongly-adaptive regret [Hazan and Seshadhril [2007,
Daniely et al.,|2015]], which aims to minimize the static re-
gret over any possible (sub)interval over the time horizon
T'. Importantly, it has been shown that strongly-adaptive
regret bounds imply dynamic regret bounds. Recently,
Cutkosky| [2020] provided a strongly-adaptive algorithm
that achieves the optimal dynamic regret bound in terms
of path-length, for any sequence of comparators. On the
other hand, in Zhang et al.| [2018b] it is shown that dy-
namic regret of the strongly adaptive algorithm given in
Jun et al, [2017] is O(T?/3(Vy + 1)'/3). To summa-
rize, using existing strongly-adaptive algorithms, a dy-
namic regret bound of O(min{+/T(1 + Cr), T?/3(Vy +
1)'/31) for any sequence w;.7 can be achieved, with-

out knowing its path-length in advance. In Sec-
tion [6] we show instead how to improve this bound to

O(min{+/T(1 + Cr),Vr}.

Implicit Algorithms. Implicit algorithms are known in
the optimization literature as proximal methods [Parikh
and Boyd, 2014] and can be traced back to the work of
Moreau| [[1965]]. In the online learning community, they
have been introduced in |Kivinen and Warmuth| [[1997]]. In
a recent work |Campolongo and Orabona| [2020] showed
that implicit updates can outperform their linearized coun-
terparts when the temporal variability is low, in the static
setting. The dynamic regret for proximal algorithms in the
online setting has been also studied in the case of strongly
convex losses in Dixit et al.| [2019] and for composite
losses in |Ajalloeian et al.| [2020]], but both these works
assume different notions of feedback from ours.

3 Definitions

For a function f : RY — (—o0, +00], we define a sub-
gradient of f in x € R? as a vector g € R? that satisfies
fly) > f(x) + (g,y — =), Yy € R% We denote the
set of subgradients of f in « by df(x). We denote by e;
the standard basis vectors, for ¢ = 1,...,d. We denote
the expected value of a random variable = by E[x] and
the indicator function of the event A by 1{A}. We de-
note the dual norm of || - || by || - ||«. A proper function
f:R% — (—oc0, +00] is u-strongly convex over a convex
setV Cintdom f w.rt. ||-|| if Va,y € Vandg € 0f(x),
we have f(y) > f(z) + (g,y — =) + 5]z — y[*. Let
1 : X — R be strictly convex and continuously dif-
ferentiable on int X. The Bregman Divergence w.r.t.
is By : X xintX — Ry defined as By(x,y) =
P(x) — P(y) — (VY(y),z — y). We assume that 1 is
strongly convex w.r.t. a norm || - || in int X. We also as-
sume w.l.o.g. the strong convexity constant to be 1, which
implies

1
By(zy) > 5le—yl? YeeXyecmX. 4
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Algorithm 1 Greedy optimizer

Require: Non-empty closed convex set V C X C R¢,
x eV
1. fort=1,...,T do
2:  Outputzy €V
3:  Receive £; : R? — R and pay ¢;(x;)
4:  Update ;11 = argmingey £ (x)
5: end for

4 A greedy strategy and its limitations

In this section, we presents a greedy strategy that achieves
a dynamic regret bound in terms of temporal variability of
the loss functions of O(Vr). Furthermore, we show that
this bound is optimal proving a matching lower bound.
Then, we discuss why this strategy might be harmful if
the environment is stationary.

The strategy adopted to achieve a bound in terms of tem-
poral variability V7 is depicted in Algorithm [T} In each
round the algorithm plays the minimizer of the observed
loss function in the previous round. Despite being re-
ported in Jadbabaie et al.|[2015]], we could not find a for-
mal proof of the regret bound of this algorithm. Hence,
for completeness we next state a theorem which provides
a regret bound to Algorithm|[T}

Theorem 4.1. Let V C X C R? be non-empty closed
convex sets. The regret of Algorithm |l| against any se-
quence uwy.p with uy € V for all t is bounded as
RT(ULT) < HlaX(VT, 0(1))

Proof. From the update of Algorithm |1} for any u; € V
we have that

T

PACHETAI):

t=1

M=

(be(xe) = Le(@is1) + b (Trg1) — Leur))

;1
< Z((t(:vt) — li(zi11))
. T
=l (x1) — lr(Tryr) + Z(gt(ajt) —ly_1(xt))
< 51(131) — €T($T+1) + VT
= max(Vp, O(1)) . O

Remark. The theorem above holds for any sequence of
comparators, and in particular for uj.. = (uj,...,u})
used in the restricted setting. At first sight, this result
might seem to be in contrast with the result given in
Besbes et al.| [2015], which reports a lower bound of
Q((V%/ ® 4+ 1)T2/3). However, it should be noted that
in Besbes et al.| [2015]] the feedback is different and not
directly comparable to our setting. Indeed, they assume



only access to noisy functions and gradients and therefore
their Theorem 2 is not applicable.

In [Yang et al.| [2016] it is shown that the same
strategy of Algorithm [I] achieves an upper bound of
O(max(Cr(uj,...,uk),1)) when the path-length is
taken into account. While the result regarding the path-
length is tight, one might wonder if the same could be
said about the temporal variability. In the next theorem,
we provide a lower bound which shows that the bound in
Theorem [.1]is tight.

Theorem 4.2. LetV = [—1,1], and C be a positive con-
stant independent of T. Then, for any algorithm A on
V,andanyo € (1/ VT, 1), there exists a sequence of loss
Sfunctions Uy, . . ., b1 with temporal variability less than or
equal to 20T such that

R(ulzT) 2 Cv’j’y 9

Sforany v € (0,1).

®)

Proof. Similarly to|Yang et al.| [2016], we consider a sim-
ple 1-d problem and employ the following sequence of
loss functions. Define 4 (z;) = (z; — )% where
€1,...,Er is asequence of random variables sampled uni-
formly at random between the two values {—o, c}. Note
that we have E[e;] = 0 and Var(e;) = E[e?] = 0. Ob-
viously, the optimal choice in every round is u; = &;.
Assume T > 1. Then, the restricted dynamic regret is
given by

where the expectation is taken with respect to the random-
ness in the sequence of loss functions and any algorithm
A, while the inequality is due to the fact that z; is inde-
pendent from &; and E[e;] = 0. Now, note that we can
upper bound the temporal variability as follows

max [e(x) — Lep1(z)|

1 1
=2 max|5(@—e) — gl —e)”

)

Observe that if we set ¢ = C’/2 for a positive constant
(', then we recover the result in Proposition 1 of Besbes

A PREPRINT - FEBRUARY 15, 2021

et al.| [2015]] which says that it is impossible to achieve
sublinear dynamic regret unless Vo = o(T).
Now, we let 0 = T7#, with p =

(1—=7)/2=7)
and p € (0,1/2). Then, from Eq. (6) we have that
R(uy.r) > T'72#/2, while from Eq. (7) we have that
T > (Vp/ Q)ﬁ Therefore, putting things together we

1-2p

have that R(u.r) > 3(Vy/2) ™ = CV;. Note that
if v = 1 then 1 = 0 and the regret must be linear in 7.
Therefore, we let v < 1. O

Remark. A lower bound in terms of temporal variabil-
ity for the static regret on constrained domains has been
proved in|Campolongo and Orabonal [2020], which states
that for every 7 > 0, there exists a sequence of loss func-
tions such that Vr is equal to 7 and the regret satisfies
Rr(u) > 7. However, their proof technique is different
and the result is limited to deterministic algorithms, while
the lower bound given in Theorem holds for random-
ized algorithms as well.

Eq. (3) implies that it is impossible to achieve a dynamic
regret bound better that O(V), with v < 1. Note that the
proof of lower bound is given for the restricted setting,
but it automatically implies a lower bound for the general
dynamic regret, which includes the restricted setting as a
particular case.

Greedy fails in the static case. Algorithm [I] in-
curs a dynamic regret bounded as Rr(uir) <
O(min{Vy, Cr(uj.r)}) for any sequence uq.p. Based
on Theorem 4.2} this bound is tight when considering
V. However, there are situations where the greedy strat-
egy is doomed to fail. For example, consider the setting
of Learning with Expert Advice with two experts, with
¢ (x) = (g,, ) and the following choice of g,:

_ [[1,0], t even
947 \00,1, t odd
It’s immediate to see that Cp(uj.p) = Vp = T, and

indeed in this case there is no hope of getting an upper
bound sublinear in 7" when considering u}.,-. However, if
we consider the static case, then the regret of Algorithm [I]
against either e; or e3 is Rr(e;) =T —T/2 = O(T),
while any algorithm designed for the static setting incurs
Rr(e;) < O(VT). Hence, in these situations Algo-
rithm I]is not be a good choice.

In general, from [Zhang et al| [2018a] we know that a
lower bound of Q(y/T(1+ 7)) holds when consider-
ing sequences of comparators whose path-length is upper
bounded by 7. A natural question arises: is it possible to
keep the rate of O(Vr) but at the same time to guarantee

OHLTO+1))?

To the best of our knowledge there are no algorithms
which achieve this goal. Indeed, algorithms designed for
dynamic regret such asJadbabaie et al.|[2015]] and Besbes

et al{[2015] have a regret bound of O((V,2/* + 1)T2/3).



Algorithm 2 Dynamic IOMD

Require: Non-empty closed convex set V C X C R,
Y X — R, &1 € V, v such that By(z,z) —
By(y,z) < 7|l — y||,Vx,y,z € V, non increas-
ing sequence (1),

cfort=1,...,Tdo
Output ¢, € V
Receive /; : R? — R and pay ¢;(x;)

Update @, 1 = arg mingey £(x)+By(x, ) /m
end for

A

The same holds true for strongly adaptive algorithms, as
shown in [Zhang et al. [2018b]. This is not really sur-
prising: a bound of O(Vr) would imply constant regret
in the case the loss functions are fixed, i.e., ¢; = ¥ for
all t. In this case, using an online-to-batch conversion
[Cesa-Bianchi et al., 2004] would result in a convergence
rate of O(1/T"). However, this would be in contrast with
the lower bound of Q(1/+/T) by Nesterov|[2013]] on non-
smooth batch black-box optimization. Unfortunately, all
the algorithms mentioned above make use of gradients
and therefore are subject to this lower bound.

Howeyver, not all is lost: in the next section, we illustrate
how to achieve a bound of O(min{Vr,/T(1+ Cr)})
using an algorithm which makes full use of the loss func-
tion (and not just its gradient) for the class of sequences
wy1.7 with path-length Cr. Moreover, in Section @ we
show how the greedy strategy can be combined with an-
other algorithm in order to achieve the same goal for all
sequences w1.7 simultaneously.

S Implicit updates in dynamic
environments

In a recent work, Campolongo and Orabonal [2020]
showed how a modified version of OMD with implicit
updates achieves a regret bound in the static setting
which is order of O(min(Vz,+/T)). In this section, we
show how to adapt this algorithm to satisfy a bound of
O(min{Vp, /T(1 4 Cr)}) on the dynamic regret when
the path-length of the sequence of comparators is fixed to
Cr.

OMD with implicit updates is depicted in Algorithm
The only difference with its linearized counterpart is in
the update rule, which uses directly the loss rather than its
(sub)gradient in x;:

Tyl = arg;nei{)l li(x) + By(x, x)/me - (3)
In order to provide a dynamic regret bound to Algo-
rithm[2] we require a Lipschitz continuity condition on the
Bregman divergence. Using this assumption, we can get
a bound for the dynamic regret shown in the next lemma.

We will use this result in Theorem|5.1]to prove the desired
bound.
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Lemma 5.1. Let V C X C R? be non-empty closed con-
vex sets, ¥ : X — R, and x1 € V. Assume there ex-
ists v € R such that By(z,z) — By(y,z) < 7|z —
yll, V&, y, z € V. Define D*> £ maxg yey By(z,y). Let
(n¢)E_; be a non-increasing sequence. Then, the regret of
Algorithm E] against any sequence ui.7 with uy € V for
all t is bounded as follows

D S we] | o
Rr(uir) € =+ 3 =l L5750 (9)
nr =2 n =1

t

where (St = Et(act) — gt(mt-i-l) — B¢($t+1, a:t)/nt.

Proof. Let g; € 04 (x4+1). From the update rule of Al-
gorithm 2] we have that

e (le(@1) — Le(ue))
< (Mg}, Tigp1 — )
< (V(t) — Vp(®i41), Trgr — ue)

= By(us,xs) — By(us, xi41) — By(Te41, Te),
(10)

where the first inequality follows from the convexity of
the loss functions, while the second from the first-order
optimality condition.

Now, we consider the first two terms of the r.h.s. of
Eq. (I0). Using the Lipschitz continuity condition on the
Bregman divergence and the fact that 7, is non-increasing
over time, we get

1
> —(By(us, @) — By (s, w141))

< D72 + . (Bw(uhwt) B Bw(%u%))
a t=2 Tt -1

Il
|
T

m Nt Nt

n By (w1, ) Bq/;(ut—l,ﬁct)>
Mt Nt—1

: (Bw(uhwt) _ By (ui—1, )
t=2

D? T Ny — wp
LR
m —a Nt

+2T:Bw(ut—1,wt) (1 - )

—2 U
D2 (1 1 g — w |
S—+D(———]+y)
m nrom P Tt

D? T ey — g
7+VZH e~ Wl
nr —a Mt

Adding ¢;(x;) on both sides of Eq. (10) and summing
over time yields the regret bound in Eq. (9). O



Notice that the Lipschitz continuity assumption is not a
strong requirement. Indeed, when the function % is Lip-
schitz on V, the Lipschitz condition on the Bregman di-
vergence is automatically satisfied. When this is not true,
we can still satisfy this condition changing the domain of
interest. For example, in the case of learning with expert
advice we have that v = O(InT) if we use a “clipped”
simplex (details in Section [5.1)).

We still have to set the learning rate in Algorithm [2] and
next theorem shows how to do it in order to have a regret
bound which is the minimum between temporal variabil-
ity and path-length. The proof follows the one of |Campo-
longo and Orabonal [2020, Theorem 6.12] and is reported
in Appendix [A] for completeness.

Theorem 5.1. Let 7 > 0 be a positive constant. Un-
der the assumptions of lemma[5.1] for any sequence uy.7
whose path length Cr(wuy.7) is less or equal than T, Al-

gorithm 2| with 1/n, = A = é Zf;% 8, and B? =
(D? + ~7) incurs dynamic regret against upper bounded
as follows

Rp(uy.r) < min {2@1 (x1) — br(xps1) + V1),

2/(D2 +91) L, lail2}

(1)

where Vi = 23:2 maXgey le(x) — b1 ().

In addition, with 5% = D? we get

C .
Rr(uyr) < (2 + ’YD2T> min {61(561) —lr(Tr1)+

T
Ve, 30251 g, 2} -

I3

12)

If we assume an upper bound ||g, |2 < max,c (7 [lg, |2 <
1, and that v = D = 1, then the result in Eq. gives
us a dynamic regret bound of O(min{Vy,\/T(1+ 7)}).
This bound is tight for sequences whose path-length
Cr = 7, matching the lower bounds for both the path-
length and temporal variability. Moreover, we show in
Appendix [A] how the algorithm can be adapted using a
doubling trick in the same spirit of Jadbabaie et al.| [2015],
when 7 is not fixed in advance but the path-length can be
observed on the fly.

Running Time Compared to standard Mirror Descent
the update depicted in Eq. (§) does not have a general so-
Iution, but it has to be calculated case-by-case depend-
ing on the loss function. There are some cases relevant
in practical applications where this update is available
in closed form, such as regression with square or abso-
lute loss or classification with hinge loss (see for example
Crammer et al.| [2006]]) and the time complexity of the
update is similar to OMD. When a closed-form solution
is not available, it can be approximated efficiently using
numerical methods [Song et al.| 2018, |Shtof}, 2020].
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5.1 Applications

Next, we are going to show some applications of this al-
gorithm. We point out that the same set of applications
and the related regret bounds continue to hold for the al-
gorithm presented later in Theorem [6.2] with some differ-
ences that will be highlighted in Section [f]

Learning with Expert Advice In this setting the loss is
linear, i.e., ¢;(x) = (g,,x), therefore the implicit and
the standard version of Mirror Descent coincide. It is
known that Mirror Descent with negative entropy regu-
larization, i.e., ¥(x) = Z?:l z; Inx;, yields the expo-
nential weights algorithm which is optimal. We recall that
the Bregman divergence induced by the negative entropy
is the KL divergence, for any 2 points on the simplex Ay,
which can be potentially unbounded. Indeed, using a dy-
namic learning rate with Mirror Descent in this setting
gives rise to a vacuous bound [Orabona and Pal, 2018}
Theorem 4]. For this reason, we modify the domain of in-
terest: instead of the regular simplex, we use a “clipped”
version of it.

Agé{weRi;||ag||1:1,a;i2%W:L...,d}.

(13)
This set makes the diameter w.r.t to KL divergence
bounded. Indeed, we have that

d

d
d
max KL(z,y) < E ziln— <lIn—. (14)
o a
i=1

T, YyecAg
Furthermore, the update in Eq. (8) using this “clipped”

simplex can be computed efficiently, see Herbster and
‘Warmuth| 2001, Theorem 7] for details.

We prove a regret bound for Algorithm [2]in the next the-
orem. We stress that the proof the next result does not
follow directly from an application of Theorem [5.1] (it is
reported in Appendix [B).

Theorem 5.2. Consider the setting of Learning with Ex-
pert Advice on the d-dimensional simplex Ay, Assume
0<gti<Lforalt=1,....T,andi =1,...,d.
Assume that T > d and set « = d/T. Furthermore,
set 77,;11 = My1 = éZle 0, with &; defined as
in lemma Then, for any sequence of comparators
uy.r with wy € Ay such that Cr(uy.7) < 7, using
B% = (1 +7)InT the regret ofAlgorithmmn on A is
bounded as

Rr(urr) < 2min{6(@1) — br(@ri1) + Vi,

VO+ 04T S gl + 20ed, (15)

where E.[g?] = 23:1 xmg?’i and Vr =

ZZ;Q maXgeA, Kt(w) — 4l (iL’)

Discussion. Note that E,[g2] = Y%, Tigt; <
llg;||%. Furthermore, if the sequence u;.7 is only com-
posed by “corners” of the simplex, then Cp(w1.7) is given



roughly by the number of “shifts”, i.e., Cr(u;.r) =

22?22 1{u; # wu—1}. In this setting, we know
that the Fixed-Share algorithm [Herbster and Warmuth,

1998] achieves a regret bound of O(4/T'S In %), where

Cr(uy.r) = O(S) is the number of shifts and is fixed
in advance. Our algorithm achieves a similar bound,
but it can be sometimes better. For example, assume
li(x) € [0,1] and that ¢; stays fixed for all except S
rounds, then we have that V- = S. In this case, Fixed-
Share regret is O(v/TS), while the bound in Eq. re-
duces to O(S). It should be noted that both algorithms
assume oracle knowledge of S. In order to remove this
assumption, we refer to a different algorithm described in
Section [6] Moreover, it can be shown (see Appendix
that the regret bound in Eq. (I3) can lead to a first-order
regret bound which depends on the loss of the sequence of
competitors. To the best of our knowledge a similar result
is not easily obtainable for the Fixed-Share algorithm (see
Cesa-Bianchi et al.|[2012] Section 7.3] for a comparison).

Composite Losses In this paragraph, we assume that
the losses received are composed by two parts: one con-
vex part changing over time and the other one fixed and
known to the algorithm. These losses are called composite
[Duchi et al., 2010]. This setting was also studied in the
implicit case in|Song et al.|[2018] for the static regret. For
example, we might have ¢;(x) = ¢;(x) + B||z|1. In this
case, considering a bounded domain V the update rule for
Algorithm 2 will be

Ty = argnxl/in l@(a:) + B|lx|1 + By(z, ), (16)
xE

which will promote sparsity in our model. We show in
Appendix [C| that the algorithm Adalmplicit [Campolongo
and Orabona, 2020]] designed for the static regret already
satisfies a regret bound order of O(min(Vy,/T)) (im-
proving over the existing result of Song et al.| [2018])).
Next, we extend the analysis to the dynamic scenario. In
particular, using Algorithm [2| we can give the following
theorem, whose proof is reported in Appendix [C]

Theorem 5.3. Let V C X C R? be a non-empty closed
convex set. Let ly(x) = L (x) + r(x), where r : X —

R is a convex function. Then, under the assumptions of
lemmathe regret ofAlgorithm[Z]run with1/my = A =

é Zf;l §; and % = D? + T against any sequence of
comparators uy.7 whose path-length Cy is less or equal
than T is bounded as

Rr(uy.7) < min {2(51(331) —lpp1(zrs1) + V),

2/(3D2 +9) =1, lanl12}.

where Vp = 23:2 maxgey by (z) — l_1(x) and g, €
aﬁt(a:t).

Remark. Comparing to the regret bound given in Theo-
rem[5.1] we can see that the result above contains a subtle
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Algorithm 3 Anytime (A, 5)-PROD
Require: Algorithms A, B, 1 = w4 = w1 =1/2
I fort=1,...,T do
2: Let Pt A = Ttwtr’]ji:?yﬂﬁ,B/Q » Pt,B =
3 Get a; from A and b; from B
4 Set x; = p; aa; + pi by
5. Receive £; : R? — [0, 1] and pay ¢;(x;)
6: Feed ¢, to Aand B
7.
8
9
0

1—pt.a

Set Ty = Et(bt) — Et(at)
Set 1 = /(14 X, (ti(bi) — ti(@:)?) !

Set wt+1,A = wt,A(l J'_ nt/rt)nt+1/nt
end for

10:

difference: the temporal variability is given only in terms
of the variable part of the losses, /;.

All the results up to this point are given under the assump-
tion that the class of strategies we want to compete against
is fixed before the start of the game, i.e., an upper bound
to Cr is fixed beforehand. This can be limiting in prac-
tice: in a truly realistic online setting, knowing the right
upper bound beforehand might be hard. Therefore, in the
next section we are going to provide an algorithm which
adapts to the values of C'r for any possible sequence of
comparators, but at the same time guarantees a bound in
Vr.

6 Adapting to different path-lengths

In this section, we present an approach to obtain the op-
timal bound of O(min{Vr,/T(1+ Cr)}) on the dy-
namic regret for all the sequences of comparators simul-
taneously. Our approach is based on smartly combining
different algorithms.

Using existing algorithms [see, e.g., |Cutkoskyl 2020}
Zhang et al., 2018a] we can achieve the optimal dy-
namic regret bound for all possible sequences of com-
parators. In particular, a recent result from Cutkosky
[2020] shows the condition that strongly-adaptive algo-
rithms need to satisfy in order to incur the optimal bound
of O(y/T(1 + Cr)), which we report in the next theorem
(proof in Appendix DJ.

Theorem 6.1 (Adapted from |Cutkosky| [2020]]). Let V C
X C R? be non-empty closed convex sets, 1 : X — R.
Define D? = maxg yey By(x,y). Given a sequence
of loss functions {1, . .., ¢y, assume there exists an algo-
rithm that for any interval I = [s,e] C [1,T] and se-
quence ug.. guarantees a dynamic regret bounded as

Ri(use) = O ((D + Cl)m) )

where |I| = (e — s). Then, for any interval J = [s',¢'] C
[1,T] it also guarantees

Ri(ug.r) <O (\/m) )

A7)

(18)



!
where C'j = Zf:s/_H llue — we1]-

On the other hand, in order to achieve a bound on the tem-
poral variability, we can simply adopt the greedy strategy
given in the Algorithm [T} which in every step plays the
minimizer of the last seen loss function. Hence, we need
to combine these two strategies.

A plain expert algorithm would fail to give a constant
bound w.r.t. the temporal variability. Instead, we use a
modification of the ML-Prod algorithm [|Gaillard et al.}
2014] proposed in |Sani et al. [2014] and depicted in Al-
gorithm[3] This algorithm takes as input two base learners
(aka experts) A and B and guarantees a regret which is
(almost) constant against B and O(v/T InIn T)) against A
in the worst case. The idea is to use a strongly adaptive
algorithm which satisfies the assumptions of Theorem[6.1]
such as the one from|Cutkosky|[2020] as algorithm .4, and
the greedy strategy in Algorithm|I|as B. In the next theo-
rem, we provide an upper bound to the dynamic regret of
the resulting algorithm (proof in Appendix [D).

Theorem 6.2. Let V C X C R? be non-empty
closed convex sets, X — R. Define D? =
maxg 4y By (x,y). Let {1, . .., L, be a sequence of con-
vex loss functions such that ¢; : R — [0,1] for all t.
Then, for all sequence of wy.7 with path-length Cr, run-
ning Algorithm[3|with A as a strongly-adaptive algorithm
satisfying the condition from Theorem[6.1} and B as Algo-
rithm|[I] guarantees

Rr(upr) <O (min {VT, VC +/TD(Cr + D)}) ,

where C'is an upper bound to the loss of algorithm A.

Discussion. The algorithm from last theorem is able
to guarantee the optimal dependence on C'r for any se-
quence of comparators u;.7, without requiring any prior
knowledge. However, compared to the algorithms from
Section 5] Theorem [6.2] requires the losses to be bounded
in a range known to the algorithm. Furthermore, note that
all known strongly-adaptive algorithms require a running
time of O(d1nT) per-update, which is higher than O(d)
required by OMD (and its Implicit version when the up-
date is available in closed form). Finally, we point out that
the actual regret bound depends on the specific choice of
the algorithm A used. Next, we sketch some applications
in the same spirit of Section[5.1]

Applications. To make a comparison with the setting
of Learning with Expert Advice previously covered, con-
sider again the “shifting” scenario with S shifts of Sec-
tion[5.1} In this case we can adopt a strategy similar to the
strongly-adaptive algorithm CBCE from|Jun et al.| [2017].
It is known that a strongly-adaptive algorithm incurs a
dynamic regret bounded by O(v/T'S), without requiring
the knowledge of S in advance [see, e.g., Appendix A in
Jun et al.| 2017]], contrarily to Algorithm E} Moreover,
from our bound in Theorem if the loss functions stay
fixed for all but S rounds, thanks to the guarantee of Algo-
rithm [I] the regret bound is O(Vr) = O(S), which again
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is like the guarantee of Algorithm [2] with the important
difference that knowing in advance the number of shifts is
not required.

On the other hand, when considering for example the set-
ting of composite losses, or more in general Euclidean do-
mains and the Ly norm, we can adopt the algorithm from
Cutkosky|[2020]], which is adaptive to the sum of the gra-

dients 23:1 llg,]|3 and therefore can have a potentially
better bound compared to CBCE, which has a worst-case

regret bound of O(v/T).

7 Conclusion

In this work, we have shown that existing bounds in the
dynamic setting with full information feedback can be im-
proved, by establishing a lower bounds on the dynamic re-
gret in terms of temporal variability of the loss functions
and showing algorithms with matching upper bounds. In
particular, we designed an algorithm using implicit up-
dates that can adapt to both the temporal variability and
the path-length of the sequence of comparators. Further-
more, when the desired path-length is not fixed in ad-
vance, we showed how to combine existing algorithms in
order to achieve the optimal bound.

An interesting question remains open: is it
possible to obtain a dynamic regret bound of
O(min{Vp, /T (14 Cr)}) for all sequence of com-
parators with a single algorithm? If so, what is its running
time? As observed in previous work, all strongly-adaptive
algorithms [Cutkosky, 2020, Jun et al.l 2017|] have a
running time of O(T InT') and it is currently not known
whether it can be improved. Future research directions
therefore could aim at designing faster and more practical
algorithms which can adapt to unknown path-lengths, or
in alternative prove that this goal cannot be achieved.
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A Dynamic IOMD

In this section we prove a regret bound for Algorithm [2]and its variant using a doubling trick mentioned in Section 3]
The following lemma is a generalization of (Orabonal [2019| Lemma 7.12] which we will use in subsequent proofs.

Lemma A.1. Ler {a:}52,,{b:}32, be two sequence of non-negative real numbers. Suppose that {A:}32 is a se-
quence of non-negative real numbers satisfying A1 = 0 anaﬂ Aty < Ay 4 min {dbt7 caf/(?At)}, foranyt > 1.

Then, forany T > 0, Apyq < \/d2 Zthl b? + CZle a?.

Proof. Observe that

T T
Aty = ZAtJrl A7 =) (A — A+ 2(81 — AYA,
=1 =1
(a) (b)

We bound the sequences (a) and (b) separately. For (a), from the assumption on the recurrence and using the first

term in the minimum we have that (A;; — A;)? < d?b?. On the other hand, for (b) using the second term in the

minimum in the recurrence we get 2(A;y 1 — A;)A; < ca?. Putting together the results we have that A2T 4 <

4?7 b2 + ¢ X[, a? and the lemma follows. O

We are now ready to show a regret bound for Algorithm [2] as stated in Theorem[5.1} The statement of the theorem is
reported next for completeness.

Theorem 5.1. Let 7 > 0 be a positive constant. Under the assumptions of lemma ! for any sequence uy.7 whose
path length Cr(uy.7) is less or equal than T, Algorithm@with 1/ =X = ﬁQ 2171 8¢, and 3% = (D? +~7) incurs
dynamic regret against upper bounded as follows

Rr(uy.r) < min {2(f1(-’£1) —bp(Tr41) + V1),
2/BD? +4m) S, lgili2} (11

where Vi = 23:2 maxgey b (x) — b1 ().
In addition, with 3% = D? we get

Rp(uy.r) < (2 + DC2> min {41(561) —Llr(zr41)+

Ve, /3051 llg |2} - (12)

Proof. First, note that (\;)7_; is an increasing sequence, since §; > 0. Indeed, from the optimality of the update rule
of Algorithm 2] we have

Ci(r41) + M By (g1, @) < (@) + \eBy (x4, ) = L (x4) |

which implies 6; := €y (a;) — li(@i41) — M By (@41, @) > 0. Hence, by using the prescribed learning rate \;, we
can rewrite the bound in Eq. (9) as follows

T
Rr(urr) < ArD? +9> Ml — wa|| + B2Ar s

t=2

T
< (D> + B A1 + YA Y [lwr —we |

t=2
< (D? + B+ 47)Ar41,

where in the second inequality we have used the fact that (\;)7_; is an increasing sequence.

*With a small abuse of notation, let min(z, y/0) = =.

10
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The rest of the proof is similar to the one in|(Campolongo and Orabona [[2020, Theorem 6.2]. From the choice of A,
we have that

T T
ﬂzAT+1 = Z 0y = th(mt) - gt(wt—&-l) - )\th(wt-i-lv th)

t=1

T
< Z Ci(xy) — Le(pg1)

#
Il
_

#
Il
_

T
<) = br(@rin) + ) max ((x) — b1 ()
t=2

= li(z1) — lr(zT1) + V1, (19)
where the first inequality derives from the fact that Bregman divergences are always positive.

On the other hand, from the definition of §; we have that

O < li(xy) — Le(xep1) < (Gp @t — Tog1) < ||Gell«lle — 2egal] - (20)
Now, note that from the assumptions in lemma5.1| we have that for any x,y € V
D2 By(wy) 2 Sz -yl
@ — y|| < V2D and substituting back in Eq.

0 < ﬁDHQtH*-

On the other hand, by not discarding the negative Bregman divergence term in Eq. (20) we get

Therefore,

lg: 112

O < lgellsn/2By(®t 41, @) — A By (Ti41, 21) < oy,
t

where the last step derives from the fact that bx — %12 < %,Vw € R, with z = /By (141, ).

To summarize, we have that

1 . 2
deet = A+ <0+ i {VEDIg . A2

Now, applying lemma with Ay = A, ar = by = [|g|ls, d = V2D . _ % yields

/32 )
20?1\ «
s < (G +3) Sl e
g p?) =
Therefore, putting together Egs. and and using the suggested values for 3, we get the stated results. O

A.1 Adapting on the fly

The result given in the previous paragraph was limited to all sequences of comparators whose path-length is fixed
beforehand. Following|Jadbabaie et al.|[2015]], the approach given above can be generalized to any sequence of w;.1
whose path length Cr can be calculated on the fly.

Doubling trick. The idea is to run Algorithm[2]in phases and tune the learning rate \; appropriately. At the beginning
of each phase ¢, we start monitoring the path length C;. Once it reaches a certain threshold, we restart the algorithm
doubling the threshold. Formally, we introduce a quantity (); for phase 7 and set the learning rate A; of the algorithm
as \i = é Zi;ll §s, with 32 = D? + 4Q;. The resulting algorithm is shown in Algorithm

We are now going to analyze the regret bound incurred by Algorithm @] First, we need the following lemma which
bounds the number of times the algorithm is restarted.

11
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Algorithm 4 Dynamic IOMD with Doubling Trick

Require: Non-empty closed convex set V C X C R4, ¢ : X — R, z1 € V, v such that By (x, z) — By(y,2) <
vz —yl|, Ve, y, 2 € V, B2 > 0, observable sequence u;.1
1: i+ 0, >\1<—0,Q0<—\/§D,Co<—0

2: fort=1,...,Tdo

3: Output Ty 6 v
4:  Receive /; : R? — R and pay ¢;(x;)
5: Update Cz — Cz + ||ut — Ut,1||
6.
7
8

if C; > Q,; then

t—t+1

: Qi+ V2D2', N\ | + 0, C; + 0, B2 « D* +4Q;
9: Update ;11 < o
10:  else ,
11: Update ;41 < arg mingey ¢;(x) + N, By(x, x¢)
12: Set 5t < ﬁt(wt) — [t($t+1) — A%Bw(ﬂ:t+17 wt)
13: Update X} ; + X! +3 5t
14:  end if
15: end for

Lemma A.2. Let t; be the first time-step of epoch i, with to = 1. Suppose Algorithm 4| is run for a total of N + 1
epochs. Let C; = Zt’+1 e — || £0. Let Cp = ZZNZO C;. Then, we have that N satisfies

N <log, (\/C;D + 1> . (22)

. 1 N _ . .
Proof. First, recall that va: 01 at = “a—j Now, note that the sum in the first N epochs of the quantity we are

monitoring is at most equal to the final sum over all N + 1 epochs.

Therefore, we have the following
N tiy1—1

Z\/D27<\TD <Y > Jw—wea| =Cr,

=0 t=t;

where ||uy, — i, 1] = |[u1 — uo|| £ 0 by definition. Solving for N yields the desired result. O

Next, we provide a theorem which gives a regret bound to Algorithm 4]

Theorem A.1. Let V C X C RY be a non-empty closed convex set. Assume Algorithm is run for N epochs. Then,
under the assumptions of Lemma the regret against any sequence of comparators wy.7 with u, € V is bounded as

G5+1) +90r) £, Il ), 23

Rr(ui.r) < (2 + ¢)min ((41(931) —Lr(xri1) + V1), \/(3D2 (10g2

where ¢ £ Df\/i and Cp = S lwy — wy o .

Proof. LetV; = Zt“ftl Ji maxgey | (x) — ¢:—1(x)|. Using the result from Theorem assuming the knowledge

of C; during each phase i we have that

N tit1—1 N tit1—1

D2+ C. + 2 ;
Runr) =32 3 Rl 1) 30 30 Pt min( B,
=0 t=t; =0 t=t;
where in the last inequality we used Theorem 5.1 H with B = {4, (1) — by, ,—1(@y,,) + Vi and By =
@D+ 62 0 7 g |12
Note that with the adopted B from Algorithm 4 we have that
D? +~4C;+ B2 D?*+~C; + D? +4Q; Ci — Qi 2D
72 b _ 72 th :2+v%§2+7f7.,
5 D259, D25 4Q; D? 4 4v/2D2

12
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where the last inequality derives from the fact that the last term in C; which causes the algorithm to restart is such that
|z —y| < V2D, Vx,y € V.

Therefore, we have

N tiy1—1 \/§ . 4
R(uy.1) Z Z < W) min(B], B;)

N it1—1
<Y (240 mm{ cie1(@e) + Vi, | (3D +4v2D21) ||gt|z}
i=0 t=t;
ti+1 1
(2+c) me{ Crporm1(ze, ) + Viy (| (BD2+9C) Y ||gt||z}
t=t;

N N tig1—1
2+C mln{z ét mt Eti+1_1(wti+l)+‘/i)7 Z (3D2+707) Z |9t||3},

i=0 1=0 t=t;

(a) (b)
where in the the second inequality we used the definition of ¢. We now analyze (a) and (b) separately.

For (b), using the Cauchy-Schwartz inequality we have that

N tiy1—1 N N tiy1—1

SO BD2EC) Y g2 < 36D+ |30 ST llg2

=0 t=t; i=0 =0 t=t;

T
VBND2+4Cr - (| > g2
t=1

< <3m (1og2 Ty 1) n ch> Sl
t=1
On the other hand, for (a) we have
N
Z(€t7(mtl) - £t1+1 1( 1+1) + V) < 61(:131) - ET($T+1) +Vr.
i=0
Therefore, putting together the results for (a) and (b), we get the stated bound. O

To summarize, for sequence of comparators whose path-length is observable, from Equation (23)) we have a worst-case
regret bound of

Rluyr) = O (min {VT, T+ CT)}) . (24)

In light of this last result, compared to Jadbabaie et al.| [2015]], our upper bound from Theorem strictly improves
their result when optimistic predictions are not helpful.

We stress that a doubling trick is necessary for Algorithm 4] Indeed, in order to have a fully adaptive learning rate,
we should be able to tune it as a function of two quantities varying over time, namely the path-length observed and
the temporal variability of the losses paid by the algorithm. While both quantities are increasing quantities over time,
they also appear both at the numerator and denominator of the learning rate \;. However, this would result in a non-
monotone sequence of learning rates, thus contradicting the assumptions in Lemma[5.1] Also, we would like to point
out that to the best of our knowledge there are no existing methods in the literature which tune the learning rates with
non-monotone sequences.

B Learning with Expert Advice

In this section we cover the application of Algorithm[2]to the setting of Learning with Expert Advice, as explained in
the main paper in Section[5.1]

13
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Theorem 5.2. Consider the setting of Learning with Expert Advice on the d-dimensional simplex Ag. Assume 0 <
Gti < Lo forallt = 1,...,T, and i = 1,...,d. Assume that T > d and set « = d/T. Furthermore, set

N +11 = Ma1 = % Zzzl &¢, with 0 defined as in lemma Then, for any sequence of comparators wy.p with
u; € Ag such that Or(uy.r) < 7, using 82 = (14 7) InT the regret ofAlgorithm@mn on AY is bounded as

Rp(uy.r) < 2min {51(5151) —lr(xr41) + Vo,

VU4 T) S Bilg?]} +2Locd, (s)

where E;[g?] = Zthl xmgf,i and Vp = ZZ;Q maxgen, b(x) — b—1(x).

Proof. Given any sequence uy.r, with u; € A4, we introduce v}, = %f + (1 — @)uy, where 1 is the d-dimensional
all-ones vector. Note that u}, € AJ by definition. The regret can be decomposed as follows

T T T T
Rr(uir) = l(ae) = l(u) =Y gy, —up) + Y (g, ub —uy) -
t=1 t=1 t=1 t=1
(a) (b)

Now, note that for (b)

T T

Y gt —u) <Y llgelloollul — wells

t=1 t=1

=2L Ta, (25)
where the second-to-last inequality derives from applying the triangle inequality.
We can now analyze (a). Note that for any w}, u}_,2; € V the following holds
By (up, i) = By (up 1, @) = ¢(up) = (upy) — (Vo (@), up — ug o)
= —By(up_y,w) + (Vo () — V(up), wp_y — uy)
< V(@) = Vo(ug) loollug 1 — uills

d
<t gy — i,

where the last inequality derives from the fact that ||V () — Vi) (uy)|loc = max;e(q In

Thi < &,
ut,i - (03

Therefore, using the prescribed learning rate and applying lemma 5.1 we get

T T T
Sgp @ —up) < ArD? 443 Al w1+ > 6
t=1 t=2 t=1
d T
< Ar <D2 +1In— Z(l —a)llug — ut—1||1> + B*Ar41
@ t=2
d d
< Mg (m —47ln—+ 52> , (26)
« (0%

where the last inequality derives from bounding the diameter of A§ with respect to the KL as done in Eq. (]E[),
1 — a < 1 and the assumption on Cr(u1.7) < 7, while the second-to-last inequality from the definition of ;.

Similarly to the proof of Theorem [5.1] we have that

T
BAr11 =Y (@) = be(@i41) = MeBup(@eg1, 20)
t=1

14
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wt - ét CCt+1)

HM~3

T

< 61(:131) —ET CBT+1 Z }i _ét 1( )
_2 d
T

< li(x1) — br(Tre) + Z max l(x) — b1 ()
f—p TS0
=l1(z1) — lr(xp1) + Vi . (27)

On the other hand, we can improve the second part of the bound compared to a standard application of Theorem [5.1]
Indeed, we have that

0t <Gy, e — Try1) < (9, ) := Ei[g,] ,

where E;[g,] is the expected value of g, under the distribution x;. Furthermore, using the local norms bound for
Mirror Descent |Orabonal, 2019, Section 6.5] we have that

1 2 1 2
0t = {9y, @e — @eg1) — M By (Trg1, ) < QT\tHQtH(v‘zw(zt))—l 2N, ;Zﬁﬂgt,i ’

for a certain z; = Oz + (1 — 0;)ary1 and 6; € [0,1]. Now, observe that from the fact that §; > 0 we get
(gs,xt) > (g, @rq1). Therefore, it follows that (g,,z¢) = 0{(g,,x;) + (1 — 0){g,, xt+1) < {(g;,T¢), since the

. d E 2
gi.i > 0 for all i. Hence, we have that §; < ﬁ D1 T = ;[ft‘].

To summarize, we have that

E
At-}—l = At + (St < )\t + = min {Et[gt] t[g ] } .

B2 5 2
Therefore, applying lemma with Ay = N\, a? = Ey[g?], by = E4[g,),d = c = % we have that

)\T-i-l =

A
@[ -
™=
5
§9
l\')
Q‘,_.
HMH

(28)

A
@ =
o
_|_
2
||M%

where the last step derives from Jensen’s inequality, i.e., (E;[g,])? < E,;[g?]. Therefore, putting together Eq. and
Eq. (28) we get

A < g miin {3(@1) = rlara) + Ve, (14 32 T Eilg?]}

Finally, note that from our choice of o and (32, we have that

111*4’7'111 + 2 (1+T)1nT—|—52
B? B2
Hence, adding together Eq. (26) and the upper bounds to Eq. (23) in Eq. (27) and Eq. (28) yields the stated result. [

=2.

We next provide a corollary which shows that the bound in Theorem [5.2]implies a first-order bound which depends on
the loss of the sequence of competitors.

Corollary B.0.1. Assume that max; ; gi; = Loo. Then, under the same assumptions of Theorem @ Algorithm El
guarantees

Rr(u1.7) < 2¢/Loo(1+ (1 +In7) InT) Ly (ur.7) + O(nT) .

15
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Proof. Let Ly = ZtT:l li(xy) and Lr(uy.r) = ZtT:l £ (uy). Consider the second term in the minimum of the
bound in Eq. (I5). We have that

T d
Ly — Ly(uyr) < B Z Z 21192, + B" < B'\/LooLr + B,

where B’ =21/1 + (1 +In7)InT and B” = 2L..d. Rearranging terms, we have that
LT — B/\/ Loo \ L — (LT(UI:T) + B”) S 0
T 5,—/
We use a result which says that given x,b, ¢ € Ry, if 2 — by/z — ¢ < 0 holds, then < ¢ + b? + by/c. Applying this
result with z = /L we get
Ly < Ly(uir) + 2Loed + 4Lo(1+ (1 4+ In7)InT) + 2¢/Lo(1 + (1 + In7) InT) Ly (u1.7) -

Rearranging terms yields the stated result. O

C Composite losses

We are now going to derive a regret bound on the case of composite losses for the static regret scenario using the
algorithm Adalmplicit from|Campolongo and Orabona [2020].

Theorem C.1. Let V C X C R be a non-empty closed convex set. Let l;(x) = ly(x) + r(x), where 7 : X — Ris
a convex function. Let By, be the Bregman divergence with respect to 1) : X — R. Assume 1 to be 1-strongly convex

wrt. || - H and let \y = 1/n;. Then, Algorzthmlwzth M =0and \; = 5z Ef;i Ci(x;) — bi(xiq1) — N By (Tig1, ;)
fort =2,...,T incurs the following regret bound against any u € V

Rr(u) < min {2(51(331) —p(zr4r) + V), 2DV/35°1 ) ||9tH3}7 (29)

where Vp = 2322 maxXgey Zt(w) — gt_l(a:), and g, € 0l;(xy).

Proof. First, let g} € 80, (x,,1). Note that for any u € V we have the following

Ne(le(®is1) — b(w) < me(gh + Vr(@es1), Try1 — )
= (mgi + Vo (xep1) — V() + 0 V(@) 21 — u) — (VO (2e41) — Vip(y), 2011 — u)
<A(VY(Tig1) — V(1) u — T4 11)
= By(u,x¢) — By(u, ®ty1) — By(Tig1, T1e),

where the second inequality derives from the optimality condition of the update rule.

Remember that §; = £(x) — le(xry1) — w After adding ¢;(«;) on both sides, taking ¢; (11 ), dividing

both sides by 7; and summing over time we get

T T
B - B
2 : Et iBt _Et )) SE : w(uth) ¢(’U47£L‘t+1) +§ :6t
t=1

t=1 Nt t=1
D2 /1
< —+D? ( - > B
T Z Ne  Me—1 ; '
<2D*Apyy .
Now, define 6; = 0;(;) — ly(@11) — )\tB,/,(a:tH, x;). Note that
Z&s Z { r(@) — T‘(l‘t+1)}
t=1 t=1
T
<Y (Gl@) = ll@ern) ) + (@) = r(@rsa)

t=1
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Algorithm 5 Adapt-ML-Prod

Require: A rule to sequentially pick the learning rates, vector wo = (wp 1,-..,Wp,q) of nonnegative weights that
sum to 1.
fort=1,...,7T do
Pick the learnlng rates 1;_1,; according to the rule.

1:
2:
3:  Define p, such that p; ; = nt_l,zwt_lﬂ/nt_lwt_l
4.
5

Observe g, and incur loss 4:(p,) = (g, ;)
For each expert ¢ perform the update

Nt i

wy; = (w1, (L4 me—1,i(be(py) — lei))) "1

6: end for
T
= t1(@1) = br(@rin) + Y (Gl@) =l (@)
t;Q
< Uy (xy) — bp(@ryy) + ;ggﬂt(@ — b1 () .
The rest of the proof follows from the proof of Theorem[5.1]in Appendix [A] O

Compared to|Song et al.|[2018]), the above regret bound is adaptive to the gradients of the loss function. Furthermore,
the regret bound from |Song et al.| [2018]] does not contain the temporal variability Vr, which could potentially lead to
constant regret if the loss function stays fixed over time. Next, we are going to show how one can adapt the previous
theorem to the dynamic case.

Theorem 5.3. Let V C X C RY be a non-empty closed convex set. Let ly(z) = Uy(x) + r(x), wherer : X — Risa
convex function. Then, under the assumptions of lemmal5. I|the regret ofAlgorithmrun withl/n, = M\ = ﬁ Zf;} é

and 32 = D% +~T against any sequence of comparators ..y whose path-length Cr is less or equal than T is bounded
as

Rr(uy.7) < min {2(51(331) —lpp1 (1) + V),

2/(3D2 +47) 1, lail12}.

where Vi = Y1, maxgey b(x) — 1 (x) and g, € 00y(;).

Proof. To prove the stated bound, we can adapt the proof from Theorem|[C.1] In particular, from the update rule using
Eq. we have that
Ne(be(@es1) — Ce(ur)) < By (ug, @) — By (we, Tig1) — By(@egr, ),

where g} € 0;(x¢41). Following the proof of Theorem summing ¢; () on both sides and rearranging terms we
get

T

T
Ry(ui.r) < Z At(By (e, ) — By (we, Tep1)) + Z [5t + B(r - T(mt+1))}
t=1 t=1

< 2(D2 + ’}/CT + 52))\714_1 .

From the last inequality, substituting the value of 52 and following the proof of Theorem yields the desired
result. -

D Combining algorithms

In this section, we give in detail the results related to Section[6]

First, we point out that Algorithm 3]is an application of the more general Adapt-ML-Prod algorithm, which is given in
Algorithm[5] We recall the following theorem which provides a regret bound to Algorithm [5] (proof omitted).
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Theorem D.1. [Gaillard et al., 2014, Theorem 3] For all sequences of loss vectors g, € [0,1]% for all rules prescrib-
ing sequences of learning rates 1 ; that, for each i, are non-increasing in t, Algorithm@ensures

1
Rr(e;) < In + n 1lrl+—anT,
(&) < Mo,  Wo,i tz;t ! nr,i
where ry; = (g,,py) — g1 and Kp =1+ 1 Zt 123 1(%—1)

D.1 Strongly-adaptive algorithms

Strongly adaptive algorithms enjoy a O(+/T) regret bound for any interval I = [s, e] C [1,T]. The argument used to
prove the optimal dynamic regret bound for strongly adaptive algorithms is reported next for completeness. We first
provide a lemma that we will use in the proof of the main result.

Lemma D.1. [Cutkosky, 2020] Consider a set V C R® such that max, yev ||z — y|| < D. Define a time interval
I =[s,e] and letu, €V for any tel Let Cr =Y 4 Hut — U 1|| Then it is possible to break the interval 1

into K disjoint intervals I = J, U - - - U Jg such that for each i we have that C;, < 2D . Furthermore, we have that
K < 94D

i D .
Proof. We can build the set of subintervals Jy, .. ., Jx iteratively. Define J; = [s, t1] as the interval such that ¢; is the

first time-step when Zil s1 It —ui—1|| > D. Then we have that C;, < 2D (since ||u; — uy—1]| < D in any step
t). We can repeat this process: given ¢;_1, let ¢; be the time-step such that C};, | ;,; > D and define J; = [t;_1,;]. If
such a ¢; does not exist then set ¢ = K and ¢; = e. Then for any subinterval we have that C';, < 2D.

On the other hand, we have C;, > D for all ¢ but the last one. Assume that there are K subintervals. We have that
ZZK: 1 €y, < Cr. Therefore,

K
> Cy > (K-1)D,
=1

from which the desired result follows. O

We can now prove that result regarding the dynamic regret of strongly adaptive algorithms satisfying a certain condition
on the path-length, as stated in Theorem 6. 1| (restated here for completeness).

Theorem 6.1 (Adapted from (Cutkosky! [2020]). Let V C X C R? be non-empty closed convex sets, 1) : X — R.
Define D? = maxy ey By (x,y). Given a sequence of loss functions {1, . .., Ly, assume there exists an algorithm
that for any interval I = [s,e] C [1,T] and sequence us.. guarantees a dynamic regret bounded as

Ri(use) =0 ((D+ Cr)VIT) | a7

where |I| = (e — s). Then, for any interval J = [s',€'] C [1,T) it also guarantees

-
Ri(uy) <0 (VIJID(Cr + D)) , (18)
where C'y = Zf;s/+1 s — wg—1l.

Proof. Note that for any x,y € V we have ||z — y||* < By(z,y) < D?. Hence ||z — y|| < v2D. Let Jy,..., Ji
be the set of disjoint 1ntervals resulting from the construction in Lemma- ID.1l We have that J = J; U --- U Jg, such

that for each ¢ we have C';, < 22D, and K < CI\J/EgD . Now, on each of intervals J; = [s;, &;], using Equation
the regret is bounded as

R(us,..) < O ((D+Cp) V1) =0 (DVI) |

where in the last inequality we used the fact that C;, < 21/2D from lemma

Then, for interval J using the Cauchy-Schwartz inequality we have that

R(uy..) ZRuse <ZO(D |J)<(9 D\|EY |l <0< CIJFD|J|>

i=1

18
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o (VITID(Cr + D))
where in the third inequality we used the fact that K < % from lemma O

In particular, note that the above theorem is valid also with J = [1, T7.

We next prove Theorem providing a regret bound to the algorithm given in Section [6]
Theorem 6.2. Let V C X C RY be non-empty closed convex sets, 1) : X — R. Define D*> = maxg ey By (T, y).

Let {1, ..., ; be a sequence of convex loss functions such that {; : R® — [0,1] for all t. Then, for all sequence of
wy.p with path-length Cr, running AlgorithmBlwith A as a strongly-adaptive algorithm satisfying the condition from
Theorem[6.1) and B as Algorithm[I} guarantees

Rr(upr) <O (min{VT, VC +/TD(Cr + D)}) ,

where C'is an upper bound to the loss of algorithm A.

Proof. Let y! be the output of algorithm i € { A, B} at time ¢. For any i € {A, B}, we can decompose the regret as
follows

(ft(yi) - gt(ul:T))

Mq

T T
Z gt act —ét ut Z gt :ct _Et(yt))
t=1 t=1 t
T
<Y puti(yi) Zé (yi) + Rra(uir) (30)
t=14ie{A,B} t=1
where we used Jensen’s inequality and the regret guarantee of algorithm ¢ in the last step.

Il
-

We now analyze the first part in the above bound. Recall that wy, 4 = w1 3 = 5. For algorithm .A we denote yi = a,.
Also, we assume 1), = 7,4 and ;g = 1/2 (cf. Algorithm 3).

From Theorem[D. 1] we have that
T

Z Z Dr.ili( yt th (a) < 7111 ‘5‘2777571,447",52,,4"‘

w
=1 ic (AB) 70,A 0.A 15 nT.A

In K1

1
=2In2+ Znt_17A(€t(bt) —l(ay))? + — MKy

t=1 . A
T T
S 21n2+ (ft(bt) e ( )) +IHKT Z Zt bt —Et at))
=1 D) - blan)? =
T
<2In2+ (2+1InKy) Z& be) — li(ar))?

<22+ 2+ Kp)VT +1,
where the second-to-last inequality derives from applying |Orabona) [2019, Lemma 4.13], while the last one from the
fact that the losses are bounded in [0,1]. Note that In K7 = O(InlnT') from |Gaillard et al|[2014, Corollary 4].
Therefore, using this last result in Eq. and the fact that R7 4 < by assumption we have that

Rr(ur) <O (1n KrvT + 14 /TD(Cr + D)) 0 ( TD(Cr + D)) . 31)

On the other hand for algorithm B by applying again Theorem D.I] we have that
T T

Z Z pfzft yt Zé{» bt <71HL+Z7H 1BTtB+77TiBanT

=1 ic {A.B} Mo,5  WoB —| :
=2n24+2nKp,
since 1, = % and r; 4 = O for all ¢ by assumption (see Algorithm . Using this last result in Eq. we get

RT(ulzT) S él (ch) — éT(mT+1) + VT + 2In2 + 21n KT = @ (VT) . (32)
Taking the minimum between Eq. and Eq. concludes the proof. O
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Algorithm 6 Generic strongly-adaptive algorithm

Require: Non-empty closed convex set V C R?, OLO algorithm A, expert algorithm B
1: fort=1,...,T do
2:  Receive predictions from A, ..., A, denoted y}, ..., y!
3:  Receive distribution p, from B
4 Outputz; = >\ | pr.iy.
5 Observe loss ¢; and pay ¢;(x;)
6: Pass/l;to Ay,..., A
7. Setg:; = {(y}) and pass g, to B
8: end for

D.2 Learning with Expert Advice

In this section we sketch the strategy to get the optimal bound for the setting of Learning with Expert Advice (LEA)
by combining the prediction of a strongly-adaptive algorithm and Algorithm (1} as suggested by Theorem In
particular, we need to design a strongly-adaptive algorithm which satisfies the conditions of Theorem 6.1]

Strongly-adaptive algorithm. The dominant approach in the design of strongly adaptive algorithms has been the
following. Consider an anytime algorithm A with static regret bound of O(+/%) for the interval [1, ¢]. Ateach time-step
t initialize a new copy of .A. Then, to come up with a prediction at round ¢, use an expert algorithm 53 to combine the
predictions of the ¢ existing base learners. The resulting strategy is depicted in Algorithm[6] Let y; the output at time
t of the algorithm initialized at time s, i.e., A;. The regret over an interval I = [s, e] against any sequence .. can
then be decomposed as follows

Z(ft(mt ) —li(uy)) < Zzpt i (y})

t=s 1=1

—Z P gi) — L) + > (Le(y]) — Coluy)) - (33)

M-
S
e

Regret of B Regret of A

where the first inequality derives from Jensen’s inequality. Next, we analyze the two contributions separately.

Algorithm B. This is the regret of an expert algorithm against a fictitious adversary which always commits to the
same choice y;. In order to have the desired regret bound of @(\/m ) a regular expert algorithm with regret bound
of @(ﬁ ) does not work. Indeed, we need an expert algorithm which only pays for the timesteps when the base
algorithm A has been active, i.e., for the interval [s, e]. It can be shown that a sleeping experts algorithm suffices
(details omitted). Hence, we adopt the algorithm Sleeping CB from Jun et al.| [2017] as the expert algorithm B in

Algorithm[6] which gives
S g2 Zét vi) <O (V) . (34)
t=s

for any interval I = [s,e] C [1,T].

Algorithm A. Differently from [Jun et al|[2017] for the case of Learning with Expert Advice, we cannot use the
Coin Betting algorithm as base algorithm (i.e., A in Algorithm [6)), since it does not satisfy a regret bound as the one
required by Eq. (17 mvolvmg the path length of the comparator sequence. Instead, we can adopt the algorithm from
Theorem Indeed, by using 4> = InT in Theorem we get the following regret bound against any sequence
wq.7 in the simplex

T
Rr(uiz) < (2+Cr)y| (1+ 7)Y E[g?] +2Locd = O(CT\/TlnT) (35)
t=1

Regret bound. For any interval I C [1,T], a strongly-adaptive algorithm run with Coin Betting as BB and the
algorithm from Theorem as base algorithm A would get the regret bound required in Eq. (I7). Indeed, from the

20



A PREPRINT - FEBRUARY 15, 2021

decomposition in Eq. we have that for any interval I = [s, e] and sequence ;..

€

Z(&(wt) —li(uy)) < Z(<ptvgt> —4(yy)) + Z(&(yf) — li(uy))

t=s t=s t=s

< O(m) +(9<C’1\/|I|lnT)
~-0 (c,m) :

where the first inequality derives from the regret guarantee of the sleeping expert algorithm in Eq. (34) and the one
of the base algorithm in Eq. (35). We can therefore apply Theorem with J = [1,T]. This immediately gives a
dynamic regret bound of O (\/ TCrln T) for the resulting strongly-adaptive algorithm against any sequence w;.7. To
conclude, we can combine the predictions of the strongly-adaptive algorithm and those from the greedy strategy with
Algorithm [3|and apply Theorem[6.2]to get the desired result.

Running Time. Note that the tecnique sketched in Algorithm [6] requires initializing a new algorithm in any step,
which would lead to a total runtime of O(7?). However, there are techniques to reduce this running time to O(T'In T')
such as Geometric Covering intervals [Jun et al.| 2017].

21



	Introduction
	Related work
	Definitions
	A greedy strategy and its limitations
	Implicit updates in dynamic environments
	Applications

	Adapting to different path-lengths
	Conclusion
	Dynamic IOMD
	Adapting on the fly

	Learning with Expert Advice
	Composite losses
	Combining algorithms
	Strongly-adaptive algorithms
	Learning with Expert Advice


